Exercise 6

A Sigma Notation and Summation

1
Solution

(a) 1x3+2x5+3x7+4x9+5x11

5
= (NQ2r+1)
r=1
(b) 2 + 3 + 4 +..... (2nterms)
1.23 345 5.6.7
B 1+1 N 2+1 N 3+1 N 2n+1
Dx(+D)x(1x2)  (2)x(2+1)x(2x2) )x2+D)x(2x2) (2n)x(2n+1)x(2nx2)
R r+1
= r(r+)(r+2)
1 1 1
() —l—2+32—52 Pz —?+ ...... (n terms)
111 11 1
2—1—2+3—2—5—2+?—9—2+ ...... +(—1) —
| 1 | | 1 1
:(—1)11—2+(—1)23—2+(—1)35—2+(—1)47—2+(—1)59—2+ ...... +(—1) n—2
z 1
=N (=) ——
2V Gy

(d) 12142314341+ ......+ (n+1 terms)
=1214231434+......+ (n+ D[(n+1) + ]!

n+l

= (") +1)!



2

Solution

5
@y L Lt 111
(r+1)! 2! 31 41 51 6!

r=1

10
(b) > 2" =1+2+2>+..+2"

r=0

Lo L S T S

© 2™ T @ e W
1 1 1 1
—_t 4 —
3 6 15 24



3
Solution

@@ > (3" -3r+2)
r=1
= 327’2 —3Zr+2n
r=1 r=l1
= 3?11(” +1)(2n+ 1)—%(}1 +1)+2n

=§[2n2 ~2+4]
=n(n* +1)

Learning point:

Use the results

Z":rz L n@n+ Zn:r =2+
r=1 6 r=1 2
() > [rGr-1)]
r=1
:Z3r2—2r
r=1 r=1
n n
=3 = |(n+)2n+1)——(n+1
(6j( X ) 2( )
n
:E(n+1)(2n+1—1)
=n*(n+1)
50 5
(© (-2
r=11
50 50
=>r->2
r=11 r=11
50 10 50
=322
r=1 r=1 r=11
2 2
_ 50(1+50)} _[10(1+10)} C(50—-11+1)x2
2 2
=162250-3025-80
=1622520

Learning point:
Recall results

n n m—1 n
Zr = Zr - Zr, where m < n. Za =an, where a is constant.
r=1 r=1

r=m r=n



100 100

@ >3 -3"H=>73"3-1

r=15 r=15

100

=>.33"'3-1

r=15

2 100
= —_ 3V
T2

r=15

=§[3'5 +3° 4374+ 3]

~ z|:315 (3100715“ _ 1):|

3 3-1
_g 315(386 _1)
3 2
— %(3101 _ 315)
— 3100 _314
Learning point:

Recall result

n

n
. oa(r” -1 . )
Z a = (—1) < sum of first nth of geometric progression
r=1 r—

o S

Learning point:

Recall result

00
a . . . .
Zar = —1 < sum to infinity of geometric progression
-1 r—



® > Gn-r)
:i3n—zn:r

=(n-3+1)(3n)—

—(”_;+1)(n+3)

(n-2)

(n+3) < factor out ——

:3n(n—2)—(nz;2)

:@[6;1—(“3)]
=@(6n—n—3)

_(n-2)(5n-3)
B 2

(2 Zn:(rz + 67 +8)
= irz+6ir+ Zn:8

= Zzn: > +6(0)+8(2n+1)

r=1

_ %”(n +1)(2n+1)+8(2n+1)

=(2n+1)[§(n+1)+8}

(h) i(ln 2 r(r+1)+2)

n

= Zn:an’“ —Zr(r-l—l)—i-zn:Z’
r=1 1 r=1

:Zn:(r+l)ln2—zn:r2 —ir+zn:2'
r=1 r=1 r=1 r=1
:1n2ir+iln2—ir2 —Zn:r+zn:2’
r=1 r=1 r=1 r=1 r=1
:(1n2—1)zn:r—zn:r2 +Zn:2’ +Zn:1n2
r=l1 r=1 r=1 r=1
:(lnz_l)(n(n;1)}_(n(n+l)(2n+l)]+ 22" -1) e nln2

6
:(1n2—1)[”("2+1)j-(”(”+1)6(2”+1)]+2(2"—1)+n1n2
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Solution

(a) Given Y u, =n"+2

r=1

Asn— oo, n* +1—> .

.. the series diverges.

. < n+1
b) Given ) u, =——
®) ; " on+2
1
n LT P
71u,=Z g:—; < divide each term by n
= —+— 1+
n n n
12
Asn— oo, —,——0.
nn
< 1+0
U, =—
o 1+0

=1
.. the series converges.

The sum to infinity is 1.

Alternative way of presentation

i” _ n+l1

o n+2

limZur:lim(rH—lJ:lim(l— ! j:l
n—wo = n+2 n+2

n—o n—w

.. the series converges.

Sum to infinity = Zur =1.

r=1

u n? +1
(¢) Given Zur =
= n+2
no1 1
; —+— n+—
zurz h_n_ " 4divide each term by n
= n 2
r —+—  1+-
n n n
1
n+—
Asn— o, 50
1+~
n

.. the series diverges.



. S (Bn+1)(n-2)
(d) Given ;ur = —(n 2)2n_3)

e G

ZMY = —5 < divide n to each term
r=1 2 3
e
n n
12
Asn— o, —,—,§—> 0
nnn
2 (3+0 (1—0)
u, =
= (1+O)(2—O)
_30
1(2)
3
2
.. the series converges.
& 3
u,=—
1 2

r=

Alternative way of presentation

Lo (Bn+1)(n-2)
Z” C (n+2)(2n-3)

e
lim >, = nm[wJ i U )30 3

(n+2)(2n-3) 2

G
n n

n—o n—»o0
r

... the series converges.

The sum to infinity is %
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Solution
(@)
r=n 1 r=l=n 1
Z = < replacer by r—1
o (r+D(r+2)(r+3) 55 (N +D(r+2)
B n+l 1
= (N(r+1D(r+2)
1 1 . o1 1
=—— < substituting n + 1 into —— —————
4 2((n+D+D((n+1)+2) 4 2(n+1)(n+2)
1 1

T4 2(n+2)(n+3)

(a)(ii)
n 1 r+l=n 1

2

SG+Drr=1) A% (r+ 20+ D(r)
3 n—1 1
S (2 ()
1 1 L . 1 1
=—- < substituting n —1 into —— —————
4 2((n-D+D(n-D+1) 4 2m+D(n+2)
11
4 2n(n+1)

<replacerbyr+1

(b))

S 245 G 2r-2)+5

—_— = <re lacerb F—z
SN r+3)? A () placer®y

CE 2+l
~(r)(r+1)°

& 2r+1 2 +1 2(2)+1

- ()’ (r+1)* - O2A+1)* Q2 +1)?
1 3 5

1o
9 (n+3)’




(b)(ii)
S 2r—1 & 2(r+1) -1
rz=2:”2(”_1)2 B =2 (V+1)2(V)2
= 2r+1

=) (r+1)7°

1
- <replacenbyn—1linl————
(n—1+1y P Y 1)

<replace 7 by r +1

=1-—
n2



6
Solution

(a) Zk:(zw 5-3"")

k k
=Y (2r+5-> 3"
r=0 r=0
=%(5+(2k+5))—[3° +3'+3° +...+31’k]
k+1
3 l_m
k+1 3

ZT(]('FS)— ]
1——
3

9 1 k+1
_(k+1)(k+5)—5{1—(§j ]

(b)
r=k r=2=k
D @r+9-3"")= > (2r+9-3"")  <replace rbyr-2
r=0 r=2=0

k+2

=Y (2(r-2)+9-3"")

k+2

=> (2r+5-3")
r=2

k+2

=D (2r+5-3")-(2x0+5-3")-(2x1+5-3"")
r=0

:((k+2)+1)((k+2)+5)—%{1—(%)+ + J—(5—3‘)—(7—3°)

:(k+3)(k+7)—%[l—(%j + ]—8

:(k+3)(k+7)—%+%@j -8

25 91"
_(k+3)(k+7)—?+5[§j
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Solution

2n

D @r+1y

r=n+l

2n
= z (4r* +4r+1)

r=n+l
2n 2n 2n
2
=4 E r-+4 E r+ E 1
r=n+l r=n+l r=n+l

2n n
:4[Zr2 _ZFZ}FA{W(n+1+2n)j+(2n—(n+1)+1)

r=1 r=1

= 4(%(2n)(2n +D)(4n+1) —%n(n +1)(2n+ 1)] +2n(3n+1)+n < factor out %n(Zn +1)
2 2
= 5n(2n + 1)[2(4n +)—-(n+ 1)] +6n” +3n
2 1
= En(zn +1)(7n+1)+3n(2n+1) < factor out En(Zn +1)
2
:§n(2n+l)[2(7n+l)+3><3]
1
:§n(2n+1)[14n+2+9]

= %n(2n +1)(14n+11)
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Solution

(@)

é K——jm +In(r+ 1)}

Zk: jm + Z In(r+1)

>

{“{(_3 } +[In2+In3+ 4+ +In(k +1)]

NI»—a

%jr( j+ln(2x3><4>< X(k+1))

SIRE

j j +In[(k+1)]]

(Y
Mﬂn[(kﬂ)!]

_ %{1 —(—%jk}rln[(k +1)1]

(b) Ask — oo, [—%} —0and [(k+])!] >

| 1Y || 1 :
ie. ’lfl—r’g{gl:l_(_zj }}:g and %erlo{ln[(k+l)!]} =

.". the sum to infinity of the series does not exist.
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Solution

(a) Givenv, =v_, +n
v, =V, +2

v, =v,+3
=y, +2+3
v, =v,+4
=y, +2+3+4
So, v, =v+2+3+4+...+n
n-1
:Vl +T(2+I’l)
—y, +(n—l)(n+2)
2

vn:A+(n—1)2(n+2)

= An +%[%n(n +1)(2n + 1)} +%B(l +n)} —n

=n(A4A-1) +£n(n +1)(2n +1)+%(n)(n +1)
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Solution

@ a, =a,+ka, < substituting n =1
a,=a,+ka, <a,=2a =7anda, =11
11=7+k(2)
k=2

(b) Givena, = A2")+B(-1)"+C .ccccecvrvrccnne (1)

Substitute n =1 into (1)
2=A+B4C i 2)

Substitute n =2 into (1)

Substitute » = 3 into (1)
I1=44+B+C oo 4)

Using GC to solve (2), (3) and (4)
A=3,B=-1,C=0

~A=3,B=—-1landC=0

(¢) From(1): a, =3(2")—(-1)" <« substitute A =3,B=-landC =0

Ya,
=Y [32)-¢1y]

n

=33 [@)]-X e

r=1

:3{2(2"—1)
2-1

}—[(—1)1 + (1) + ot (1) ]

D[ 1" -1]

=6(2" -1 -—=—

=6(2" —1)—%[(—1)" 1]

=625 =



Alternative Method
Da

=Y [32)-¢1y]
When nis odd

e
_{24}(D

=6(2" -1)+1
=6(2")-5

r

n

Sa,

r=1

=Y [32)-161]

When n is even

:3{2(2"—1)}
2-1

=6(2" 1)

g Zar =6(2")->5, where n = odd
r=1
Zar =6(2" —1), when nis even

r=1



Exercise 6
B Series

11

Solution

N
Z(S’H +2n)

n=l1

N

= i 5"y 22 n
n=l1

n=l1
157 -
5-1

N
:¥+N(N+1)

+ 2(% (N+1))

Learning point:

Expess the general term 5"~ + 27 into summation.
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Solution

n+D)?+(n+2° +(n+3)* + ... +(2n)

r=1 r=1

:%(2n+1)(4n+1)—%(n+1)(2n+1)
:%(2n+1)[2(4n+1)—(n+1)]
=%(2n+1)[8n+2—n—1]

= %(2;1 +1)(Tn+1)

Learning point:

Use the result: Zrz = w
r=1

= i 2r-1y

r=n+l

= i(zr—w —zn:(zr -1)?
r=1 r=l1

2n n

=D @7 —dr )= (47 —4r+1)

r=1 r=1

:4{ir2 —ir2}+4{i—r+ir}+il—il
r=1 r=l1 r=1 r=1

r=1 r=1

2n n
< use the result from (a): z P - Z »?

r=1

=4[%(2n+1)(7n+1)}+4[—27n(1+2n)+§(1+n)}+2n—n

- 2?,1(211 +1)(Tn+1)+[-4n(1+2n)+2n(1+n)|+2n—n

:2%(2n+1)(7n+1)+(—4n—8n2+2n+2n2)+n
:23—"(2n+1)(7n+1)+(—2n—6n2)+n
- 2?”(2;1 +D)(Tn+1)+6n* —n < factor out g
:%[2(2n+1)(7n+1)—18n—3]

n 2
=—|2(14n" +9n+1)—-18n-3

ap! )-18n-3]

n 2
=—(28n" -1
3( )

r=1

%(2;1 +1)(Tn+1)
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Solution

12 +52+92+13% +...+277* < sum of first 70 terms

69
=D (1+4r)
r=0
69
=1+ (1+8r+16r)
r=1

69 69
=1469+8) r+16y 1’

r=1 r=1

69(1+69 4 4
=70+ 8{%} + 16|:(69)(69 hl 1;(2 69+ D:l < use the results: z r= rn+1)2n+D and z r=
=1 6 r=1
69(70
7048/ U0 | 6] €970)139)
2 6
=1809710
Learning point:
P+5+9" +13% +..

From the observation, the base of the terms in the series is arithmetic progression,
ie. 1 59 13
.. the general term can be u, =1+4r, where r =0, 1,2, .... oru, =4r -3, wherer=1, 2,3, ....

To obtain the 70th term, substitute » =69 into u, =1+4r. .. u, =277.
Alternatively, substitute » =70 into u, =4r —3. .. u,, =277.

Alternative Method

1P +5° 492 +13° +...+277*
70

=Y (4r-3)
r=1

:§(16r2—24r+9)

r=1
70 70 70
=16Zr2—242r+29
r=1 r=1 r=1
:16[%(70)(70+1)(2x70+1)}—24[%(1+70)}+9x70

=1809710

n(n+1)

2
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Solution

(a) i(3r—l)2

r=1

=Z:(9r2 —6r+1)

r=1

= 9ir2 —6Zn:r+zn:1
r=l r=l1 r=1

:9(MJ_6(20+”)}”
6 2

:%n(n+l)(2n+l)—3n(l+n)+n
=3n(n+1)[2n2+1—1}+n

= 3n(n+1)|:$:|+n

=%n(n+1)(2n—l)+n

3
S :—, :1
p 5 q

(b) 22 +3 +57+6° +8°+9° +...+56° +57° +59° +60°
= (22455487 +.. 4567 +59)+ (3 +6° +9° +...+57° +607)

20 20 20
= r—1)"+ r < use the result in (a): (Br-1)°" =—n(n+1)(2n—-1)+n, and replace n = 20
3 1)2 3 )3 2 2
r=l r=l r=1
: (20)(20+1)(2% 20 1)"‘33%”3 < use the result i AL
Y - u ult: [ S — A
2 4

r=1 r=1

2 2
_ %(20)(20 F1)(2%20—1)+20+27 [wj

=1215290
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Solution

(a)

(b)

Let rth term = 2a"+br” ...ooooovevrvenn. (1)
Given the first term is 28, i.e. 1st term = 28
Substitute 7 =1 into (1).
24" +b(1)* =8
2a+b=8
Given the second term is 28, i.e. 2nd term = 26
Substitute » = 2 into (1).
2a° +b(2)* =26
2a* +4b =26
Using GC to solving (1) and (2) simultaneously.
a=3 or 1 (Rejected,since a >2)

Substituting » =2 into 2a+b = 8.
b=2.

Hence a =3 and b = 2.

Sum of the first 2z terms
2n

= Zur
= i[zo)f +2/7

r=1
= zi 3+ izrz
r=l1 r=l1

=2[(3' + @ +3) +..+()" |+ 2%#

r=1

_ 2{3(332’1_1_1)} + 2(2") (2n+1)(2x2n+1)

=33*" -1)+ 27”(2;1 +1)(@n+1)



Exercise 6

C Ratio Test

27

Solution

Let y - (—1)"7[2" 4 3 (_1)n+] 71_2(n+])
ooen) T @+

(_1)n+17z_2(n+l)

a,, __ (2(n+D)!

a,  (=)'z"
2n)!

B (_l)n+l7z,2n+2 y (27’1)'
C@n+2)! (=)'

_=)'(=)'rA? L (n)!
 (2n+2)! (-1 7>

(-Dz*(2n)!
n+1)(2n+2)(2n)!

2
T

CQn+D2n+2)

2
T

Asn— o, 2n+1)(2n+2) >».So, ———— >0
2n+1)(2n+2)

2

lim| &) — fim—— % <1
ol g | e (2n+1)(2n+2)
) o _1 r_2r
Hence by ratio test, Zu converges.
r=0 (zr)'
0 (_ l)r ﬂ_Zr
S @)t

_1\02(0) 1\ 2D C1\2.,.202)
I\ G\ A G\

oyt eamt e

=

=l-——F—+..... < refer to MF 27
2! 41

=COoST

=-1

The sum to infinity of this series is —1.
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Solution
0 2 _ ) _ _

@) Zr r lzllm n —n—1 and r—2 —lim n—2 .
= r > n! Sr=-D! =l (n-1)!

=
—1\
Consider lim| 2"~V | _

. n-2 n!
=1lim X—
e [nz—n—lj el (n—=1)! n"—n-1

n!

r—2

' is convergent by the Limit Comparison Test.

0 rZ —r _1 )
Since Z—' is convergent, so Z
=2 r. r=2

(b) rP—r—1>r-1, forreZ'

r—=1 ri—-r-1
<—forreZ" andr>3
r! r!
L |
<2
r=3 r' r=3 7"'

1 &r-1 1 Zop-1 1
—+Z:r—<—+zL <tadd — on both sides
2 =3 r! 2 =3 r! 2

Observe that r—_1:i+£+i+i+_"

— rl 20 31 41 5!

Zr—l <Zr2—r—l

r=2 l"! r=2 r!

Also, 1>r-1 forreZ*

1 r-1
—_<

' ' forreZ" andr >3
roor!




=2 r=2 r!
111 | Lt —r—1
Colim| Y =& <lim <lim) ———
Hw[;r! 0! 1!) 'H‘”; r! 'H‘”; r!
e_2<_+£+_+i+...<2 (Shown)
21 3! 41 51

Alternative Method

1 1 1 1 1 1
e= — —+—+—+... <from MF27
or 1r 21 31 4! 5!
1 1 1 1
e—2=—+—+—+—+...
21 31 41 5!

Sr—1 1 2 3
> =ttt —..
= r! 21 31 4! 5!

z’_—r_l =2 (using GC)

r=2 r!

0 _ © 2_ _
. zr 1<zr r—1

r=2 r! r=2 r!
1 1 1 1 1 2 3 4 = —r—1
—t—t—F+—F. . <—F—F—+—+ . <)) —
21 31 41 5! 21 31 41 5! ~

1

4
e—2<—+—+—+—+..<2 (Shown)
21 31 41 5!



6D Applications
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Solution

(a) First term of first row =1
First term of second row =1+1
First term of third row =1+1+2

First term of fourth row =1+1+2+3

From above observation
First term of nthrow =1+1+2+3+......+(n-1)
=1+[1+2+3+.....+(n-1)]

=1+"T_1(1+(n—1))
= 1+%n(n —1) (Shown)

(b) Sum of the sum of all the elements nth row

:§(2a+d(n—l))

= 3{2(1 +%n(n —1)j+ 1(n —I)J

1>
=—n(n" +1

S+
Given that the sum of all the integers in the nth row exceeds 10’
ie. %n(if +1)>10°

Using GC

NORHAL FLOAT DEC REAL RADIAN HP n

PFlotl Plotz Plot3
ny:BE (x%+1)

PRESS + FOR aTh1

97585 | 100000
162719| 100000
1080360] 100000

When n =58, sum of elements = 97585
When n =59, sum of elements =102719

The least value of n is 59.
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Solution

(a) Sum of numbers in rth row
=14+24+3..+r

=%a+m

(b) Sum of all the numbers in 7 th storey
B Z”: r(r+1)
r=1 2
1S,
=—>» (r+r
2 ;( )
= Ln(n +1)(2n+1) +ln(n +1)
12 4
= in(n +1)(2n+1+3)
12

= %n(n +1)(n+2)
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Solution

(a) Time taken for robot to complete 1st stage: 3=2+1=2(1)+2°
Time taken for robot to complete 2nd stage: 2(2)+2 =2(2) +2'
Time taken for robot to complete 3rd stage: 2(3)+2x2 =2(3)+2°
Time taken for robot to complete 4th stage: 2(4)+2x3=2(4)+2°

Time taken for robot to complete Nth stage: 2N +2""

Total time taken

- 1
= 2r+2"
2[2r+27]
_(N)(2+2N)+2N—1
2 2-1
=2+ N’ +N-1

The total time taken for robot to complete the Nth stageis 2" + N> + N —1.

(b) Total distance the robot covered from its original position, to the wall and returns to its original position = 140 m.
Total distance travelled at the end of 1st stage =1
Total distance travelled at the end of 2nd stage =1+2
Total distance travelled at the end of 3rd stage =1+2+3

Total distance travelled at the end of Nthstage=1+2+...+ N

If the robot arrives back at its original spot at the Nth stage,

ie. 1+2+...+ N >140
N >16.2
L N=17
Total distance covered at the end of 16 stages
=1+2+43+....+16

1
=?6(lxl6) < sum of AP

=136 metres

For the robot to arrive at the original position an additional 4 metres to be completed at the 1 7th stage.

Time taken to complete the first 16 stages
=(2"°+16>+16—1) < substitute n =16 into 2" + N* + N —1
= 65807 seconds

Time taken for an additional 4 metres to be completed at the 1 7th stage

=2(4)

= 8 seconds

Time taken for robot to arrive at original position

= Time taken to complete the first 16 stages + Time taken for an additional 4 metres
=65807+8

= 65815 seconds
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Solution

Given u,,, =u, +21" =5N cooreererererenn (1)

n+l

Substitute n = 0 into (1)
u, =u,
Substitute n =1 into (1)
u, =u, +2(1)> =5(1)  <replace u, = u,

=u,-3

Substitute » =2 into (1)
uy =u, +2(2)* —5(2) areplace u, = u, +2(1)° —5(1)
=u, +2(1)* =5(1)+2(2)* —=5(2) < replace u, = u,
=u, +2(1° +2°)=5(1+2)

=u,-5
Substitute » = 3 into (1)
u, =u, +2(3)° =53)  <replace u, =u, +2(1’ +2°) = 5(1+2)
=[u, +2(7 +2%)-5(1+2) | +203) -5(3)
=u, +2(1° +2° +3%)=5(1+2+3)
=u,—2

From the above observation,

u, =u, +2(1+2° +3 +..+(n-1*)=5(1+2+3+...(n—1))
n—1 n—1

=u, + 22)"2 —SZr
r=1 r=1

=, + 2{%(;1 —n(2n —1)}—5{(”—;1)(1 +n —1)}

=u, +§(n —-Dn(2n —1)—@

=u, +@[2(2n—1)—15]

=u, +%n(n -D(4n—-17)

| —



(b) Given that there are 10 cells at the start, i.e. #, =10

u, = 10+%n(n -1)(4n—-17)

For the number of cells to first exceed 2000,
Le. u, >2000

Plotl Plot2 Plot3
I\Y1510+§ (X-1)(4x-17)

10+én(n ~1)(4n—17) > 2000

From GC, u,, =1890 < 2000
u,, =2322>2000

MNORMAL FLOAT DEC REAL RADIAN MP n

IMORMAL FLOAT DEC REAL RADIAN MP
IPRESS + FOR aTbl

.. it takes 17 days for the number of bacteria to first exceed 2000.




Exercise 6

E Mixed Exercise
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Solution

S| 1 1 1

(a) Z‘IOT_WJFWJFWJF .....
1
_ 10
_
10°
1
" 999

Express the infinite recurring decimal 0.108 in fraction gives

108+ 108 . 108 s
1000 1000000 1000000000

1 1 1
=108| —+—+—5+...
(103 10° 10’ j

~108] 10’ < apply S, :1L

. b
(b) Common ratio, » = —.
a

Given that the sum to infinity of the series is a + 2b,
ie. S, =a+2b

1L=a+2b < divide a on both sides
-r
! =1+%
1-r a
1
—=1+2r
1-r
l=1+r-2¢
2/ —r=0
. 1
r:O(rejected éioj or r=—
a 2

. 1
. common ratio = 5



1 n
a {1 - (j ]
_ < use sum of GP formulae

g NN 2T
a4 1

()
_ MN_M{I_GJNJ 4 replace G, =21{1_@VJ from (a)

=2aN-G,  (Shown)
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Solution

(@)@ Given u,,, = Au, +Bn+C
Also given4A=1land B=0
Substitute 4 =1and B =0 into (1).
U, ., =Du, +On+C
u,,, —u, = C, which implies the sequence is arithmetic progression.
30

Du, =y gy g g
r=11

20
= 7(u11 +1uy,) < apply sum of AP formuale, S, = (a +1), where a is the first term and / is the last term

=10(4+10C+4+29C)
=80+390C

Learning point:
Given that u, =4,
Since the sequence is AP, sou, =4+ C, u; =4+2C, u, =4+3C and so on.

ooy, =4+10C and u,, =4 +29C

(i) If the sequence is a geometric progression, then recurrence relation of GP

isu,,, = Au,, for all positive values of .

. B=0,C=0

Given  u,, > 2000
u, (A)" > 2000
4(A4)" > 2000

1

A> 50019
s A>1.39

Learning point:

Since the sequence is a geometric progression, then recurrence relation of GP
isu,, =Au,

Given that u, =4, then u, = Au,. <substitute n =1

For u, = Au,
u, = A(Au,)
u, = Azu1

. _ 419
oo for uy, =4y,



(b) Given u,,, = Au, +Bn+C ... )

When u, =16, substitute n =1 and u, =16 into (1).
uy, = Au; + B(1)+ C, where u; =4
16=4A+B+C .cccvevvereennn. 2)

When u; =70, substitute n =2 and u, = 70 into (1).
uy = Au, + B(2)+C, whereu, =16
70=164+2B+C .....ccceueuunee. 3)

When u, =334, substitute n =2 and u, =334 into (1).
uy = Auy; + B(3)+C, where u; =70
334=T704+3B+C ..ccccoouvueeennne. @)

FromGC,4=5B=-6,C=2

U, =5U, —O6n+2 e %)
Substitute n =5 into (5).

us =Su, —6(4)+2, where u, =334
us =5(334)-6(4)+2

. ug =1648
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Solution

(a) Sum of first k terms

- 220+ Ge-1a]

Sum of the last & terms

= Sn _Sn—k

=%[Za+(n—1)d]—%[2a+(n—k—l)d]
:§[2a+(n—l)d]—§[2a+(n—k—1)d]+§[2a+(n—k—l)d]

n k
:E[kd]+5[2a(n—k—l)d]

Difference between the sums
= Sum of the last k£ terms — Sum of the first & terms

- g[kd]+§[za +(n—k-1)d] —%[Za +(k=1)d]
- g[kd]+§[2a +(n—k=1)d - 2a+(k-1)d]

k k
- %[kd]+5[d(n —k—1-k+1)]= g[kd] +[dn-20)]

= kd [n - k] (Shown)

(b) Givenu, =

W | —

gy
] e
)

W | —



Taking sum both sides from 1 to n

n n 3r
Du, =y 12 (%
r=I1 r=1 3

n 1 3r
=12 _
>(3)

3 6 3n 3 3
1 1 1 1 1
=12 (5] + (E) +..+ (5] } < sum of geometric progression, where first term = (g) , ratio = (EJ and no. of terms = 3n

[BIGON
-{3)
o)

whereA—— and B =1
1
Asn— o, — — 0.
27)1

=12

o0
3=t

r=1

The sum to infinity of the series is %

Alternative Method
1 3r-2 l 3r-1
u =|- +| —
5 B
3r-1 -1
IR
3 3



Taking sum both sides from 1 to n
n n 1 3r-1
2]
r=1 r=l1 3
3r-1
(1
=4y =
55)
r 2 5 3n-1
=4 (lj +(lj ++(1J
3 3 3

)

1
3
( j WhereA:—andB—l
27)1

1
Asn— 0, — —0.

0

S =t
r=l1

e .. 6
The sum to infinity of the series is I
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(a) Given that the arithmetic sequence u,, u,, u;, u,, ... has first term 2.8 and common difference 2,

.. the general term, u, =2.84+(n—1)2. ....cccecec. €))

Also given that the geometric sequence v;, v,, V5, V,, ... has first term 3 and common ratio 1.2,
~. the general term, v, =3(1.2)" " .ccocovvvnev )

Given w, =u,—v, < substitute (1) and (2)

=2.8+2(n-1)-3(1.2)""
=0.8+2n-3(1.2)""

" w, =0.8+2n-3(1.2)""
(b) Use GC to graph w, = 0.8+2n-3(1.2)"".
w, =0.8+2n-3(1.2)""

»

ol /114 13.(}1\ X

From the graph, for w, > 0when1.14 <n <13.01

.. the set of values of 7 is {n eZ :2<n< 13}.

© 2w,

n=2

i (0.8+2n-3(1.2)"")

n=2

13 13

>(0.8)+ i 2n->"(301.2)""

n=2 n=2 n=2

1 301.21-01.2)"%)
1-12

= 0.8(12)+%[4+26]
=207.6—18(1.2)"

The sum of all terms w, is 207.6 —-18(1.2)"2.
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@ ) Z(T—”%Z(%j

1 (x+3) (x+3)
== + +
41\ 4 4

(=]

n r 1 0 1 n
(ii) Z(x+31) _I x+3 N x+3 - x+3
= 4 4 4 4 4
.. . . . X+
The above series is a geometric, with common ratio, » = o

When x = -5, r=_5+3

For geometric series to be convergence, |r| <1.

(x+3)

r+l

Since |r| = % <1, hence, the series Zn:
=0

converges.

Take the sum from 0 to infinity,

o r _ n+l
Z:( 5+13) i) 1_( 5+3j
ST T (s) 4

n+l
~ lim~ 1—(—1)
n—wo @ 2

1
6

The limiting value is é



(b) (i) Given 2zkr(sr—z)

2k
= 2(3;’2 -2r)
r=6

= 23r2 - 22}"
=6 r=6
2k 5 2k n
:3[2;’2—21”2}—22;’ <use ZrZ:%(nH)(ZnH)
= 3[%(21( +1)(4k +1) -3(6)(1 1)] - 2[2" —6+1 6+ 2k)j
6 6 2
= k(2k +1)(4k +1) =165 —2(2k —5)(3 + k)
= k(2k +1)(4k +1) — 2(2k - 5)(k +3) 165
=66 r+4=66
(i) D (r—H@r-14)= Y ((r+4)-4)(3(r+4)—14) <replacer with r+4
r=10 r+4=10

r=62

= Z r(3r-2)

From (b)(i), ir(?;r —2) = k(2k +1)(4k +1) = 2(2k - 5)(k +3)—165

r=6

66
Whenk =31, ) (r—4)(3r—14)
r=10
r=62

= r(3r-2)
= 33(2(31)+1)(4(31)+1)—2(2(31)—5)((31)+3)—165
= 240084

i (r —4)(3r —14) = 240084

r=10
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@ Zl[ﬁJ
r=2 r

21 31 41 _ (n-1)*-1 _ -1
=In © +1n 2e +1n 3¢ +..+In m +In &
2 3 4 n—1 n

(2o 31 41 _Ayaln-1) -1 el
—mll € o 2e y 3e % (n—2)e “ (n—1)e
2 3 4 n-1 n

B -1
3_ 3 3_ ST c
=In|e? 'xe Txet Tx..xel"? lx—}

3_ 3 3_ 3
=1In e(2 D+ =D)+(4" -D+..+(n"-1) —Inn

=2 -D)+@ D)+ @ -+t ) =Inn

= i:(r3 —-D-Inn
r=2

= Zn:r3 +Zn:(—l)—lnn
r=2 r=2

=i:r3 —l—zn:(l)—lnn
r=1 r=2

(%n(n+1)j —1-(n-2+1)-Inn

—lnn+%nz(n+l)2 -n

(b) y = kln(un)—ns
W, =V, XV XV, XXV,
_ kln(uz)—23 Xkln(u3)—33 % kln(tl4)—43 X“.Xkln(un)—n3
_ kln(u2)+ln(u3)+..,+|n(un)—(23+33+...+n3)

i In(u, )—i 5
— kr:Z r=2

2
—inntn? (ne)? —n—{[ln(nﬂ)) 71]
4 2
=k

—In n+%n2 (rH—l)2 —n—%nz (n+1)2+l

— k—lnn—n+1



(c) W o= k*lnnfn-#l
_k
- Jlnn
Asn— oo — 0, thus w, = 0.

’ klnn+n

Therefore the sequence w, is convergent.
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Solution

(@)

(b)

Given that the sum of the first three terms of the sequenceis17,

ie. Uy Uy +y =17 e, @

3
Also given ZS,, =30,

r=1

ie. S, +5,+8,=30
u, +(uy +uy)+ (uy +u, +uy) =30
Bu, +2uy +uy; =30 2)

The third term of the sequence is twice the first term of the sequence.
ie. u, =2u,

2u; —uy; =0........ (3)
Use GC tosolve (1), (2) and (3).

The first 3 terms of sequence are u, =4,u, =S5and u, =8.

After subtracting k&, the three terms are consecutive terms of a GP

. 8-k 5-k
ie. p=—_-=="
5-k 4-k
3212k +k* =25-10k + K*
k=35
Substitute £k =3.5 into r = ﬂ
5-k
E r=8_3'5=3 (since r > 1).
5-3.5

The value of £ = 3.5 and the common ratio = 3.
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Solution
(a) Given 4, =400

Area of AOPR = 400[%) =100

1
A, =2xarea of AOPR = 2x 400(Zj =200

Area of ASTR =200 (%) =50

A, =2x Area of ASTR =2x50 =100

Hence 4, 4,, 4,....... =400, 200, 100, ........

4, 4 1

14T

The sequence 4,, 4,, 4,....... is a geometric sequence.

n—1
1 . .
A4, =400 (Ej , where k = 5 < use general term of geometric sequence, where first term = 400 and ratio = 0.5

(b) In4 +Ind, +In4, +......... +1n 4,

In4

n

1]
M-

immo( 1 )

1
{m 400+ (n—1)In [Eﬂ

—Nln400+ln( jZ(n 1)

M=

n

= NIn 4oo+1n[1j(ﬁ(o+N—1)j
2)\ 2

N(N-1)

:Nln400+N(]\; ) (EJ, where A=N and B = 5
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Solution

()

a days a-d days a-2d days

A A A
r r ATd \
| | | |_
| | | |
1* session 27 gession 3 session 4™ session

Let S, be the total number of days to complete the 9 shooting sessions.
The 1st shooting session is already attempted on the Day 1, therefore the remaining 8 shooting session must be completed less
than 90 days,

ie. Sy <90 < total number of days to complete 9 shooting sessions
8
E(Za +(8-1)(-d) <90

8a—28d <90
a<11.543.5d wooomrrcerereeen, (1)

Let 7, be the duration (days) between consecutive two shooting sessions.
T, >0
a+@8-1)(-d)>0

For the last shooting session to be close to the completion date as possible, @ and S, must be as large as possible.
By trial and error,

Ifd=1,

From(1): a<14.75. .. a=14.

From (2): a>7 and S; = 84.

Ifd=2,

From(1): a<18.25. .. a=18.

From (2): a>14 and S; =88.

Therefored =2,a =18.

(b) 92 is the highest (theoretical) point that he will get even if he practise many many times.



9
(c) m :lZun
9n:l

= éi@z —65(b™))

9
=l(92(9)—652b”j
9 n=1
= 92—%(3 +b*+b +...+D)

:gz_g(b(l—lﬁ)j
9 1-b

9
The average mark for the nine training sessions is m =92 — %(b(i 2 )].
(d) As he scored higher than m from his 4th session onwards,
average point for the 9 sessions < u,

_ 9
929 ba=b) <92-65(b")
9 1-b

1-b° >9b6°(1-b)
b’ -9b* +6b° -1<0
From GC, 0<b<0.726

.. the range of values of b is 0 < b < 0.726.
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Solution

(a) Number of seats form an AP with 1st term 21, common difference 2 and number of rows = 20.

Total number of seats installed in the concert hall
=220 +(20-(2)
=800

There are 800 seats to be installed in the hall.

(b) From (a), there are 800 seats to be installed in the concert hall.
Given that each order allows multiples of 50 seats,
.. 800+50 =16 sets of 50 seats can be ordered.

Cost of one seat in the set of 50 seats from Supplier A

Cost of one seat in the 1st set of 50 seats = 90

Cost of one seat in the 2nd set of 50 seats = 0.9(90)

Cost of one seat in the 3rd set of 50 seats = 0.9°(90)

. cost of one seat in the nth set of 50 seats = 0.9"7'(90) < GP progression

90(0.9)"" > 40
n—-1<7.6967
n <8.6967
“n=12,..,8

Total cost of ordering the seats from Supplier A

= (Number of seats) x (Cost of one seat in the 1st set of 50 seats + Cost of one seat in the 2nd set of 50 seats +...
+Cost of one seat in the 8th set of 50 seats + Cost of remaining 8 rows at $40 per seat)

=$50[90 +90(0.9) +90(0.9)* +...+90(0.9)" +40(8)]

_ 8
! 0'99 :|+ 16000

= $4500{
=$41628.98 (nearest cent)

Cost of one seat in the set of 50 seats from Supplier B

Cost of one seat in the 1st set of 50 seats =90

Cost of one seat in the 2nd set of 50 seats = 90 + (=7)

Cost of one seat in the 3rd set of 50 seats = 90 + 2(-7)

Cost of one seat in the nth set of 50 seats =90+ (n—1)(—=7) < AP progression

90+ (n—1)(=7) =40
n<8
~n=12,..,8



Total cost of ordering the seats from Supplier B
= (Number of seats) x (Cost of one seat in the 1st set of 50 seats + Cost of one seat in the 2nd set of 50 seats +...

+Cost of one seat in the 8th set of 50 seats + Cost of remaining 8 rows at $40 per seat)
=850 [%[2(90) +@-D(=7)]+ 40(8)}
=$42200

Since 41628.98 < 42200, the management should order the chairs from Supplier A.

(¢) Total value of the discount coupons issued to the first (100 + ) audiences
=Discount for first 100 audiences + Discount for # audiences

=10(100)+0.1(1)* +0.1(2)* +.....+0.1(n)’
=1000+0.1[ (1)° +(2)° +....+ (1)’ |

=1000+0.1>

r=1
=1000+o.1{%}

~1000+ n(2n+1)(n+1)

(d) Given that the management sets aside a total of $3000 for the discount coupons,

i.e. total value of the discount coupons < 3000
n2n+1)(n+1)
60

1000 + <3000

NORMAL FLOAT AUTD REAL RADIAN HMP ]
PRESS + FOR aTb1

NORMAL FLOAT AUTO REAL RADIAN MP n

Plotl Plotz Plot3

X{2Ke1) CKel)
INY101000+ """
E\Y 283000

From GC, the maximum value of n = 38

The maximum number of audiences who will receive a coupon is 38.
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F Higher Order Questions
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Solution

Regrouping the series 2+3+4+6+8+9+16+12+32+15+64+18+128+21+256+...

=(2+4+8+16+...nth term) + (3+ 6 +9 +...nth term)
=2+4+8+16+..4+2")+(3+6+9+... +2n)

= Zn: 2"+ Zn:3r
r=1 r=1

= Zn: (2" +3r)
r=1

a=3and b=2

i?)r +2"

r=1

= 3Zn:r + Zn:Z'
r=I1 r=1

:3{2n(2n+1)}+|:2"(22" —1)}
2 1

=3n2n+1)+202>" - 1)
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Solution

(a) Given n< M +1, where nand M are positive integers
L 0<M+1-n
3
M
Ifn=2,u, = 3
M -1

Ifn=3, ugzi
M

Ifn=1u =

When n — oo, 3

—_—
M—-n+l1

.. . 3
The sequence is increasing from I to 3.

3 3
b) S =u=—-— ="
S e R Ve P R
3 3 3 3
S, =u +u, =—+ =—+
M M-2+1 M M-I
3 3 3
Sy =u tu, Fuy =—+ —_—
M M-1 M-2

M

2.5,

n=l1

=85 +S8,+85,+..+8,

=(u)+(u +uy) +(uy +uy )+ o+ (U +Fuy,)

=Mu, + (M —Du, +(M = 2)u, +...+u,,

3 3 3
_M[H]HM—I)(M_JHM—Z)[M_2j+...+3

=3+3+3+...+3

=3M

© S, =u +u,+.+u,
3 3 3
=—+ +.t
M M-1 M-n+1

S, >3_n (Shown)
M
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Solution

(@)

(b)

(©

Givena,, =a,+ka,

n+l

Whenn =1, a, =a, +ka, ................... €))
Substitute a, =2,a, =7and a, =11 into (1)
11=7+k(2)
k=2

k=2

Given a, = AQ2" )+ B(=1)" +C weooevvevverree.. @)

Substitute n = 0 into (2)
a, = A2 +B(-1)"+C  <a, =2 from (a)

Substitute n =1 into (2)
a, =AY+ B(-1)'+C  <q =7 from (a)

Substitute n = 2 into (2)
a,=A2)+B(-1>+C  <a, =11 from (a)
11=44+B+C .ccveeveenn. %)

Using GC to solve (3), (4) and (5).

S A=3,B=-1,C=0

a+a,+a,+..+a,
=Y [32)- (1]
=332 Yy

When nis odd,
22" -1)

=3 —(-1
20

=6(2" -1)+1

=6(2")-5




= 2[3(2’)— 1(=1)" ]
=332l

When nis even,

:3{2(2"—1)}
2-1

=6(2" -1
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Solution

(@) Givenu,,, =01u, +k ..coooceieini. €]
Substituting n =1 and u, = -3 into (1)
u, =0.1(u)+k
=0.1(-3)+k
=k-0.3

Substituting n =2 and u, = k—0.3 into (1)
uy, =0.1u, +k
=0.1(k-03)+k
=1.1k-0.03

, _ 1y
(b) Givenu, —l+m(10) ........................... 2)

Substituting # =1 into (2)

1
-3 :l+m(LJ
10

3=+ 0.1 oo &)

Substituting n = 2 into (2)

1 2
k—0.3=l+m(—j
10

=0.3=140.010 ooeooeeeeeereeeeecerns @)

Take (3)—-(4):
-3-(k-0.3)=(+0.lm)—(I+0.01m)
—2.7-k=0.09m
m= %(—2.7 -k)

_ 19030
9

m =—%k—30 .......................... (5) (Shown)

Substituting m = —%k —30into (1)
1({ 100
B=p+—| —k-30
p 10[ 9 j

10
3=p-—k-3
F



(©) limu,

n—o0

= lim mk + m[ij
n—»w 9 10

_1o,

When n becomes large, the value of u, is %k

(d) Given that k =9, substituting £ =9 into (5) and (6)

From (5): m= —%(9) -30

=-130
From (6): [= %(9)

=10

" u, =10-130 i)
10

N

n 1 n
10-130) | —
7 ;(10]

r=

1 1
10" T0%
=10N - (130)———~
1-—
10

o101 1)
9 10
130 130

=10N ———+
9 9(10")

N
Lo, _1ov-20 BON
n=1 9 9(10 )
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(a) From 4, = 4, +360k% ..ccocvvrrnnnn. )

Substitute & =1into (1)
A = 4,+360(1)°
= A, +360

Substitute £ = 2 into (1)
4, = 4 +360(2)° < replace 4, = A, +360

=[ 4, +360(1) | +360(2)°
= 4,+1800

Substitute £ = 3into (1)
A, = A, +360(3)>  <replace 4, = 4, +360(1)" +360(2)°
=[ 4, +360(1)° +360(2)" | +360(3)°
= 4, +360(1)* +360(2)> +360(3)’
= 4, +5040

From the above observation,
A, = 4, +360(1)" +360(2)° +360(3)” +...+360(n)’
= 4,+360[ ()’ + (2" + (3’ +...+ (n)" |

:A0+360[ir2}
= 4, +360[%(n+1)(2n+l)}

= A, +60n[ 2n” +3n+1]
= A4, +120n° +180n" +60n

. a=120,6=180,c =60



(b) P(n)-P(n-1)<0

2(n-1)

i(450—nr) - > [450-(n-D)r]<0

2n 2n=2

i450—n2r— D 450+(n-1)D r<0
r=1 r=1 r=1 r=1

2n=2

22"450— > 450—nir+(n—l)
r=1 r=1 r=1

2(450)— n[%”(l + 2n):l +(n+ 1){

900 — n>(1+2n) +(n—1>2n—-1) <0

899 —6n° +4n <0

Using G.C,

n>12.6 orn<—11.9 (rejected since n > 0)

2_2(1+2n—2):l<0

Hence, it will take 13 days for the level of bacteria to start to decline after the antibody is administered.

(¢) LetP(n)=0

2n

> (450-nr)=0

r=1

900n—n*-2n° =0

Using G.C to solve 900n —n* —2n° = 0.

MORMAL FLOAT DEC REAL RADIAN MP n

Plotl Plot2 Plot3

E\Y 1 B988X-X2-2%°
ENY 2=
ENY3=
ENY4=
ENY 5=
\NYe=
EINY 7=
ENY 8=

NORMAL FLOAT DEC REAL RADIAN MP
PRESS + FOR aTb1

It will need a total of 21 days for the bacteria to be entirely cleared from the body.

(d) Q(n)=1617-20(n—17)
Using G.C,
n==6,Q(6)=1597
n=7,Q(7)=1617
n=8,Q(8)=1597

P(n) =900n—n* —2n’
Using G.C,
n=11,P1A1)=7117
n=12,P(12)=7200
n=13,P(13)=7137

It takes 8 days for the amount of bacteria present to be reduced when using the oral medication

whereas 13 days are required when using the antibody.

Thus, the oral medication is more effective in reducing the amount of bacteria present.
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Solution

(a) Let u, denote the number of families evacuating the village at the end of the nth day after the storm arrived.

u, =0

40+ (n—1)(-2)=0
42-2n=0

n=21

Hence the last family evacuated the village at the end of the 20th day after the storm arrived.

Learning point:
n =21 means no more families are evacuated at the end of the 21st day after the storm struck.

(b) LetS, denote the total number of families that have evacuated the village by the end of the nth day.

Total number of families that evacuated the village
=Sy

20

=2(40+2
2( )

=420

Total number of families remaining after all evacuation is complete
=600-420
=180

There are 180 number of families remain in the village after no more families evacuate the village

(¢) Letv, denote the number of families remaining in the village at the end of the nth day after the storm struck.
v, =600-3S,

=600 —%[2(40) +(n—-1)(=2)]

=600—41n+n" (Shown)

(d) Number of units supplied in the first 20 days

20
= (600417 +7r7)

r=l1
20 20 20
=600+ 4lr+r>+>
r=1 r=1 r=1
=600(20) - 41{2—20 1+ 20):| + %(20 +1(2(20)+1)

=6260



Remaining supplies can last
_ 11000 - 6260
180 families

1
=26— days.
3 y

Number of days that the storage facility is unable to supply the village's families with supplies
=20+27
=47 days

The storage facility will be unable to supply the village's families with supplies on the 47 days.
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G Exam Style Questions
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Solution

(@) S, :i(3r+5)

=3Zr+25
r=1 r=1
:3—n(n+1)+5n
2
3, 13

=—n"+—n
2

2

(b) u, =Zn:ur —’iur
r=1 r=1
=0’ =3n—[(n-1y =3(n-1)]
=n’ —3»11—[112 —2n+1—3n+3}
=2n-4

The nth term of the series is 2n —4.
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Solution
(@) Givenu,,, =2u, + A, cccooevviiiinns ¢9)
Substituting n =1, 4, =5 and u, =15 into (1)
u, =2u, + A(1)
15=2(5)+4
A=5

Substituting n =1 and u, =15 into (1)
u, =2u, +5(2)
=2(15)+5(2)
=40

. A=5andu, =40
(b) Let u, =a2")+bn+c oo 2)

Substituting n =1 and u, =5 into (2)
u, =a2")+b(1)+c

Substituting n = 2 and u, =15 into (2)
u, =a(2’)+b(2)+c
15=4a+2b+c .ueen.... @)

Substituting » = 2 and u, = 40 into (2)
u, =a(2’)+b3)+c
40=4a+2b+c

40=8a+3b+C coeverrenennne. %)
Use GC to solve (3), (4) and (5).

~a=75 b=-5 c=-5

(c) Substituting a =7.5, b =-5 and ¢ = -5 into (2)
wu,=752")-5n-5

S (7.5(27)~5r-5)

27552 -5 =35

:7.5(wj—5(2(1+n)j—5n
2-1 2

—15(2" —1)—5n(%(1+n)+1]

:15(2”—1)—5?”(3+n)
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(a) Zn: Q2r-7)(r+1)
= Zn:(%z -5r-17)

= 2i:r2 —Zn:(5r+7)
=1 =1

2[%}1(1’1 +1)(2n+ 1):| —%[(5(1) +7)+(5(n)+ 7)]
= 2[%;1(11 +D(2n+ 1)} —%[(Sn + 19)] < factor out %
:én[2(2n2 +3n+1)=3(5n+19)]

1 2
=—n|4n" +6n+2)—(15n+57
6n[ n +6n+2)—( )]

= én(4n2 —-9n-55) (Shown)

Y .
+ (3 < geometric series

1 1_(1]
3 3 a(l—r")

=— = < apply sum of first nth term of geometric series formulae, S, =

1-r




For 3 2r—7)(r+1)>3 3"
r=1 r=1

Lan? —on—ss5)> L 1_[L)
gn(4n 9n 55)>2|:1 (3]:]

From GC,
NORMAL FLOAT DEC REAL RADIAN MP fn NORMAL FLOAT DEC REAL RADIAN MP T
PRESS + FOR aTh1
Ploti Plotz Plots X Y1 Y
" 2 [ 0 ]
BNy 182 (4x%-9%-55) 1 -0 | o338
% 2 -19 0,444y
1 1 3 -23 0.4815
l\YZEE[l—[g] ] Y -18 0.4938
E\Y3= 5 [ 0.4979
3= le [ 0.4993
ENYq= 7 91 0.4998
- 8 172 | 04999
ENYs5= 9 282 |o5
NYe= 19 425 0.5
ENY?=
¥=6

The least value of nis 6.
2n

© Y @r=7)r+)

r=n+l

= E(Zn)m(zn)2 —-9(2n) —55)} - En@nz -9 — 55)}
= %n[2(16n2 ~187-55) - (4n" ~9n—55) |

1
=—n| (32n* —=36n—-110)—(4n* —9n—55
6n[( n n ) —(4n n )}

9 , 55
-—n"——n
6

2111(28112 —27n-55) or&n3
6 3
(d) 43%26+45x27 +47x28+...+87 x 48 +89x 49

= i(Zr—7)(r+1)

r=25

48 24 n
=Y Qr=T)(r+)=>.Q2r-7)(r+1)  <usetheresultin (a): Y (2r* —5r-7) = %n(4n2 —9n-55)
r=1 r=1

r=l1

! 2 _9(48)—55]- L 2 _9(04)—
—6(48)[4(48) 9(48)-55] 6(24)[4(24) 9(24)-55

=61700
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Solution
@ 2°+4+6 +..+(2n)

= Z Q@ry
r=I1
= Si P
r=1

-3 n*(n+1)°
B 4

=2n*(n+1)" (Shown)

n

> @r-1y

r=l1

2n n n n 2 2
= Zr3 - Z(er < use the result in (a): 22(21’)3 =2n’(n+1)" and Zr3 = @
r=1 r=1 r=1 r=1
2 2
COCTE

=n’(2n+1)* =20’ (n+1y
=n*(4n’ +4n+1-2n> —4n-2)
=n’(2n* —=1) (Shown)

® 31y ()

r=1

=1+2°-3+4-5+6"-..+(2n)’ -2n-1y

(224446 +..+@n)’ |-1 =3’ =5~ - 2n-1)’

24446 .+ 2n) |- [P +3 45+ 2n-1) ]

Z Q@ry - Z (2r—1)> < use the result in (a)

r=1 r=1

2n*(n+1) —=n*(2n* -1)

=n’[20° +2n+1)=2n" +1]

=n’(4n+3)



42

Solution

(a) Letu, be the nth term of the sequence.
Given that S,, S,, S; and S, are 2, 6,18 and 44.
u =5 =2
u,=5,-5,=6-2=4
u, =S5,-5,=18-6=12

Soup =2, u,=4and u, =12

If S, is a quadratic polynomial, then S, = an® +bn+c, where a,b and c are constants.

Also the general term, u, =S, — S

n-1

must be a linear polynomial in terms of #.

Since u, —u, # u, —u,,u, cannot be linear polynomial in terms of n. Therefore S, cannot be a quadratic polynomial.

Alternative Method

LetS, =an’ +bn+c ccooovrerevrrernnn. (1)

Substituting n =1 and S, = 2 into (1)
a+b+c=2. i, 2)

Substituting n = 2 and S, = 6 into (1)
4a+2b+C=06 eeeenee. 3)
Substituting n =3 and S, = 8 into (1)
9a+3b+c=18 .cccceveuenne. @)
Substituting n» =4 and S, = 44 into (1)
l6a+4b+c=44 ............... 5)

Solving the 4 equations will result in no solutions. Therefore S, # an’ +bn +c.

(b) LetS, =an’ +bn’ +cn+d .eeeeerrnan. (1)
Given that S, S,, S, and S, are 2, 6,18 and 44 respectively,
Substituting n =1 and S, = 2 into (1)

a+b+c+d=2 .. )
Substituting n = 2 and S, = 6 into (1)
8a+4b+2c+d =6 ... 3)

Substituting » =3 and S, = 8 into (1)
27a+9b+3c+d =18 ... @)

Substituting n =4 and S, = 44 into (1)
64a+16b+4c+d =44 .............. 5)

Using GC,a=1,b=-2,c=3,d =0.

S, =n=2n"+3n



(c) Sn _Sn—l
=’ =2n* +3n—(n—1y +2(n-1)> =3(n-1)
=’ =2n* +3n—(n’ =30 +3n-1)+2(n* —2n+1)-3n+3

=3n"-Tn+6

N
an _Snfl

n=l1

:ZN:3n2—7n+6

n=l1

N N
:32:112 —7Zn+6N
n=l1

n=l1

N
LI ESI IS
n=l1

:%(N+1)(2N+1)—w+6N
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(a) Let the sequence {u,} converges be L.

n

Then L= 2
2-L
2L-1' =2
I’ -2L+2=0 < completing the square
(L-1)*+1=0

Since there is no real solution for L, the sequence does not converge.

(b)@  Using GC
NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN MP
-4 SECOND CONDITION IF NEEDED PRESS + FOR aTh1
u = Plotl Plot2 Plot3 L]
TYPE: SEQ(n)  FHIEEE  SEQn+2) 4
u, =-1 1
2 aMin=1 2
. 2 3
_2 uln+1)B 55755 3
U, ==~ u(1)B4 2
3 u(2)=1 L
3 Bvipt+l)= 2
u, =— vi(l)= 3
4 2 v(2)= =1
us =4

The next 4 terms of the sequence are 4, —1,

- 2
b)) U, = e €))
2-u,
Replace n by n+1in (1)
2
U fn = e 2
n+2 2 _ u’H] ( )
Substitute (1) into (2)
S 2
n+2
2-u,
2(2-u))
= B e 3
n+2 2 _ zun ( )
2—u
U,y = et “4)
1-u,
Replace n by n+2 in (4)
2-u,,
Uy y = e &)
1 - un+2
Substitute (4) into (5)

2_[2—14”]
I-u,

U, 4= <
n+4 1_ 2_un
1-u,

2,
3




u

2(1-u,)=(2~u,)

u l-u,
T Amu)-(2-u,)
l1-u,
" _2-2u,-2+u,
" l—u, —2+u,
__u"
-1

u, (Shown)

n+d



44

Solution

(@
Given u, =u,  +n+2" .........
Replace n by n—1in (1)
u, , =u,_,+(n-1)+2""
Replace n by n—2 in (1)
u,,=u,_ +n-2)+2""
Replace n by n—3 in (1)
u, _,=u,_,+(mn-3)+2""

n—

From (1): wu,=u, +n+2"

= un—Z + (n _1)

< replace u, | by (2)

+2"" +n+2" <replaceu, , by (3)

=u,_,+(n—-2)+2""+(n—1)+n+2""+2" <arrange in sequence

=u,_,+(m-2)+(n-D)+n+2"2+2""+2"

From observation,

=u, +[2+3+.

=4+[2+3+..

..+(n—2)+(n—l)+n]+[22+23 o427 42 +2"} < given thatu, =4

(=2 (=D +n]+[ 2 +20+. 42" +2 42"

4 (=Dt 2@ )

2

=4+(n—l)(n+2)
2

(n=D(n+2)
B 2

Learning point:

2-1
+4(2"")-4

+ 2)7+l

Use sum of AP formulae to find [2+3+...+(n—2)+(n—1)+n]
Use sum of GP formulae to find [22 + 2022 2”}

(b) Forn=2, u, >u

n-1

U, —>©

>u, ,>..>u, and asn — oo,

(n=D(n+2) N
2

o and 2" >

Hence the sequence is increasing and divergent.
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(a) Given 47, =aT, +2and T, =20

Whenn =1,
a 1
T,=—U+—
2 4 1 2

a 1
T, =—(20)+—
> 4( ) 2

ENJEN
<
|
~
)
S
N
+
VR
| 2
~—
G
VR
N | =
N————
_|_
N
ENIESN
~—
&
VR

() U, =(

NI

a)” 1

(e el )]

a\"™ 2 2 (a)"”
[z) m’“mu_a(zj

_ 20(4—a)—2(£j" N 2

4—a 4

B 78—20a(£

n-1 2
j + (Shown)
4-—a \ 4 4

DS RORORE



(¢) For the constant value to be valid, i.e. when the sequence converges, then

<1

4
|a|<4
—4<a<4

.. therange ofa is —4<a<4.

n-1
For-4<a<4.,asn— o, [%j — 0.

Therefore, the constant value is

—a
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YW

Refer the above diagram.

Ist row: number of matches =3
2nd row: number of matches = 6
3rd row: number of matches =9

", nth row: number of matches =3+ (n—1)(3)
=3n

1 row: total number of matches = 3
2 rows: total number of matches =3+6

3 rows: total number of matches=3+6+9
Total number of matches in n rows

n . .
= E(number of matches in Ist row + number of matches in nth row)

n
=—3+3n
5 3+3m)

_ 3n(n+1)

Shown
2 (Shown)

To find the maximum number of complete rows she is able to make with two thousand matchsticks,

set total number of matchsticks used in making a pattern with n rows < 2000
. 3n(n+1
1.e. (—) <2000
2
Using GC,
HORMAL FLOAT DEC REAL RADIAN MP n HORMAL FLOAT DEC REAL RADIAN MP 1
PRESS + FOR &Th1
Flotl Plot2z Plot3 A Y1 Y2
IR 31 1488 2000
ARG B[k e
ENY 2 B2000 3y 1785 | 2000
INY3= 35 1898 | zooo
IETIEN 19398 2000
N R | |ae
ENY5=
N 3o |am (o
ENY7= 41 2583 | 2000
ENYs= ¥=36

The maximum number of complete rows she is able to make with two thousand matchsticks is 36.
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(a) Interest rate for 12 months =

Interest rate per month =

p%

p 1

—_ X —

100 12

Interest charged their first repayment on 1 September 2021

_ pL
1200

(b)

Month

Oustanding Loan

2
[1+LJ L- {1+LJ x—x
1200 1200

|
(2

3
14 fox 7x:[l+i) L7[1+
1200 1200

p

1200

(o

P
1200

Je-s

Outstanding loan at the start of the nth month after their monthly repayment

1+
[ 1200

=l1+-2
1200

=142
( 1200

:(H

P

n n—1
L-{1+—L—| x—.-|1
1200
—) +[1+
1200
P\ _
1200
)4

1200j

=

J L—x

(
(+180) -
(ot

1200

Ji-

1zgm{[

2
T
1200

n-2
P w1
1200

P X—X
1200]

j - 1} (Shown)




(¢) Itis given L =504 000, p =2.6 and n =360 (30 years).
For the loan to be repay completely in 30 years,
outstanding loan at the start of the nth month <0

(1+ P ]L—lzooan 4 J_I}SO ...................... (1)
1200 P L 1200

Substituting n =360, p =2.6 and L = 504000 into (1).

26 1 1200x((, 26 )"
504000| 1+— S e = ~1]<0
1200 2.6 L 1200

1200 26 )" 26 )"
T2 —1>504000] 14—
26 1200 1200

> 1098534.707
T 544.4457028

>2017.712145

.. the monthly repayment is $2017.71.

(d) TItis given that x =4000, p =2.6 and L = 504 000.
Substituting x = 4000, p = 2.6 and L = 504000 into (1).

504000 1425 _1200x4000{ 25 <o
1200 2.6 L 1200

Using GC

MORMAL FLOAT DEC REAL RADIAN MP n NORMAL FLOAT DEC REAL RADIAN MP 1
PRESS + FOR aTb1

Plotl Plotz Plotd Y1

26 |®_ 1z00%u0¢, 3895

INY 18504000 1+55; | - 1200k zsoue

ENY 2=

=

::x:; 52513
\NYe=

ENY?=

ENYg=

iz42.7
-2755
“6761

From the table above, when n =148, 504000] 1+
1200 2.6 1200

26 J 1200x4000K 26
- 1+

As n =148 months, it is equivalent to 12 years and 4 months.

The date that the couple pays for their final repayment is 1 December 2033.
The final repayment that the couple pays is $1245.38.

j —11 =-2755<0.



(e)

Amount money including interest save after | month
=1.001(k)

Amount money including interest save after 2 month
=1.001[k +a]

Amount money including interest save after 3 month
=1.001[k +24]

Amount money including interest save after » month
= l.OOI[k +(n —l)a]

Total amount money including interest save after n month

= il.OOl[k+(n—1)a]

r=1

~1.001 [+ (2=1)a] o (1)

Given that total amount money in the saving plan after » months

= (450.45+50.05r)

r=I1

= 1,001 [450+ 507 ]

r=1

= 1.001?[500 #5007 =1)] corerrrrne )

r=1

Comparing (1) and (2)
Hence, k =500, a =50

Alternative Method

Whenn =1,

1.001k =450.45+50.05
k=500

Whenn =2,

1.001% +1.001(k + a) = 450.45 + 50.05 + 450.45 + 50.45(2)
2k +a=1050

a=50

Hence, k£ =500,a =50



n

2.6 ”_1200x4000{ 1,26
L 1200

450.45+50.05r) 2 504000| 1+
O ,Z::‘( ) 1200 2.6

Using GC

MORMAL FLOAT DEC REAL RADIAM MP n

MORMAL FLOAT DEC REAL RADIAM MP
b1

Plotl Plot2 Plot3 Yi | Yz | Ys
; ZEa T
I\Y15x§1(45@.45+50.85>() 530781 | 225918 | 4862.6
% 238635 | 222407 | 13228
26 1200%40) 24oska| 218839 21651
I\Y255@4@@@[1+m -5 245495 | 215364 | 30132
_ 250500 211830 38670
E\Y3BY1-Y2 255555 | 208239 | 47266
ENY = 260660 | 2047y | 55920
E\Ys= 265816 201184 64631
271021| 197620/ 7301

\Ye=

ENY 7=

.. the least number of months is 87
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Solution
. . 3 (m+1)Y 1
a)(i Given § =——————
( )() n 2 2n+1 2/1
un = Sn _Snfl
_3 D' 1 (3 (m-lD)’
2 2n+] 2n 2 2)1—1+]
2 2
n 1 n+l1 1
=—n+?—%——n
2 2 2 2
2n* +2° —(n+1)2 -2
= 2n+1
2n* +2-n*-2n-1
= 2n+1
n’ =2n+1
T
(n-1)’
= znﬂ (ShOWn)
R et VI o G VIR N G O
(ll) ; 2r+1 ; 2r+1 ; 2r+1
3 e 11
2 2n+l zn 8
11 4?1
8 2n+] 2n
2
Asn— oo,% — 0 and (nzw;l]) 0

) i(r—l)z_ll
AP .

8




b)) (Ix4x7)+(2x5x8)+(3x6%x9)+...to n terms

= Zn:r(r +3)(r+6)

:zr3 +9r2 +18r

r=1

= 2r3 +9Z:r2 + 182}’
r=l1 r=l1 r=l1
n? n n
:T(n + l)2 + 9{5(;1 +1)(2n+ 1)} + 18{5(11 + 1)}
n? 3n
:T(n +1)° +7(n +1)(2n+1)+9n(n+1)

:@[n(n +1)+6(2n+1)+36]

_n0tD o344y

_ n(n+1)(n+6)(n+7)
4

(i) Since every term of (1x4x7)+(2x5x8)+(3x6x9)+... has an even number

the sum of first n terms is also an even number.
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